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Résuḿe - Depuis1986,la planificationdecheminspour robotmobiledetypevoiture a donńe lieu
à denombreuxtravaux.Cependant,la quasitotalité d’entreeuxgéǹerentdescheminsconstitúesde
segmentsdedroite reliant tangentiellementdesarcsdecercle decourbure maximale. Ceschemins
sonteneffetlespluscourts,quele robotsedéplaceuniquementenmarcheavant(celaa ét́edémontŕe
par Dubinsen1957)ou qu’il fassedesmanoeuvres(Reedset Shepp,1990).
Pourtant, depuis1990justement,plusieurs travauxportant sur le contrôle desrobotsmobilesont
mis en avant l’importancede la continuit́e de la courbure pour obtenir descheminsdont le suivi
soit précis. Or, lescheminscourammentutilisésnevérifientpascettepropriét́e. D’autrestypesde
cheminsont ét́e propośesmais la pertinencedu choix de ceschemins,par rapport au mod̀ele de
robotconsid́eré,n’a pasét́ediscut́ee.
Le travail demathèseestle premier, à maconnaissance, à avoir intégré la contraintedecontinu-
ité de la courbure dansle problèmede planification. Il a de plus étudíe lescaract́eristiquesdece
nouveauproblème, en termed’existencede solutionet d’existenceet de nature dessolutionsopti-
males.Enfin,dansle cassansmanoeuvre, il a propośeunplanificateurgéńerantdessolutionssous-
optimales(prochesdel’optimal) dontla complexitéet le tempsdecalcul sontéquivalents̀a ceuxdu
planificateurdeDubins. Desexpérimentationsont permisdemontrer quelescheminsfournispar
ceplanificateursontsuivis,avecuneloi de commandede typeKanayama,avecuneprécisiondix
foissuṕerieure à celleobtenuedansle casdescheminsdeDubins.De plus,un séjourpost-doctoral
a permisdemontrer quecescheminssontaussiparticulièrementintéressantspour desrobotsplus
manoeuvrables(sansbornesur la courbure), lorsquedesvitessesimportantessontconsid́erées.

Mots clé - robotique mobile, planification de chemin, sous-optimalité, continuit é de la cour-
bure.

Abstract

Since 1986, numerousworks have beenfocusing on
pathplanningfor car-likemobilerobot.However, most
of theseworks generatepathsmadeof line segments
tangentiallyconnectingcirculararcsof maximumcur-
vature. Theseare indeedpathsof minimum length,
whethertherobotgoesonly forward(thishasbeenprov-
ed by Dubins in 1957)or both forward andbackward
(ReedsetShepp,1990).

Nevertheless,several works about mobile robots’
control insistedon the importanceof the continuity of
the curvature,in orderto obtainpathsthat canbe fol-
lowed precisely. While the pathsusuallyuseddo not
verify thisproperty, othertypesof pathswerepresented
but therelevanceof thechoiceof thesepaths,w.r.t. the
robot’smodel,wasnot discussed.

The work presentedin my thesisis the first, to the
bestof my knowledge,which addsthe continuity of
thecurvatureasa new constraintfor thepathplanning
problem. The characteristicsof the resultingproblem,
in term of existenceof solution as well as existence
andnatureof optimal solution,arepresented.At last,
a methodis proposedto plan forward-onlysuboptimal
paths,with a complexity anda computationtime sim-
ilar to thoseof Dubins’ planner. Experimentalresults
showedthat thetrackingof theseSuboptimalContinu-
ous-Curvaturepaths(or SCCpaths), usingaKanayama
control law, is tentimesbetterthanthetrackingof Du-
bins’ paths.At last,apost-doctoralresearchprovedthat
theseSCC pathscan also be usedfor more manoeu-
vrablerobots(i.e. robotswith anunboundedcurvature),
assoonashighvelocitiesareconsidered.
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1 Intr oduction

Thispaperfocusesonpathplanningfor acar-likerobot:
giventwo positionsof this robot,wesearchapathcon-
necting thesepositionsand avoiding collision with a
setof obstacles.The pathconsidersonly the geomet-
rical aspectsof themovement(no time dimension),but
needsto respecttwo classicalkinematicsconstraints:
thedirectionof motionmustremainparallelto themain
axisof therobotateachpoint,andtheturningradiusof
therobotis lowerbounded.

Numerousmethodshavebeenproposedto solvethis
problem,e.g. [13, 7, 16, 25, 23], usingpathsmadeof
circulararcsof minimumradiustangentiallyconnected
by line segments. The optimality (in length)of these
pathshasbeenproved by Dubins in the forward-only
case[5], and by Reedsand Sheppfor a robot doing
backupmanoeuvres[18]. Thedrawbackof thesepaths
is thediscontinuityof theircurvatureprofile,whichma-
kesthemdifficult to follow by arealrobot.

To reducethis disadvantage,pathswith a continu-
ouscurvatureprofilecanbecomputed,thesepathshav-
ing polynomialcoordinates[10, 17] or polynomialcur-
vature[9, 4]. But few of thesegeneratorsconsidermo-
bile robotswith a boundedcurvature,as for example
[15, 24, 17], andnoneof themdo take into accountob-
stacleavoidance.Moreover, theseworksdonotpresent
any theoreticalresultsconcerningthe existenceof so-
lution pathsor thenatureof optimalsolutions:in fact,
theproblemconsideredis rarelyclearlystated.At last,
no comparisonbetweenthesemethodshave beenpro-
posed,andthe improvementof the trackinghasnever
beenmeasured.

SometheoreticalresultshavebeenobtainedbyBois-
sonnat,CerezoandLeblond[1] anddevelopedby Kos-
tov andKostova [11, 12] for manoeuvrablerobots,i.e.
when the curvatureis continuousbut unboundedand
thederivativeof thecurvatureis bounded.Boissonnat,
CerezoandLeblondshowedtheexistenceof solutions,
characterizedthe optimal pathsandproved that these
pathsaregenerallymadeof an infinity of pieces(and
thuscannotbe used). Then Kostov andKostova pre-
senteda setof sub-optimalpathsto solve this problem.

This paperfirst stateformally the planningprob-
lem considered( � 2) thenprove the characteristicsof
thisproblemin termof existenceof solutions,existence
andnatureof theoptimalpaths( � 3). A pathplanning
methodis proposedin the forward-onlycase( � 4). At
last,experimentalresultsobtainedwith this method,as
well asapplicationfor moremanoeuvrablerobots,are
presented( � 5).

2 Statementof the Problem

In orderto statetheproblemwe considerin this work,
we will presentthemodelof our robotandthepathsit
canfollow.

2.1 The Car-lik eRobot

Our robot � is similar to a car-like vehiclemoving on
a planarenvironment.Its bodyis a rectanglesupported
by four wheels:thetwo rearwheels’axleis fixedto � ’s
bodyandthetwo front wheelsaredirectional.A posi-
tion of thisrobotis givenby aconfiguration�����	�
�	������ ,
where �����	��� arethecoordinatesof a referencepoint �
of the body, � is the orientationof the body (i.e. the
anglebetweenthe � axis andthe main axis of � ) and
 is the instantaneouscurvatureof � ’s curve andrep-
resentsthe orientationof the front wheels(cf. Fig. 1).
The ideaof addingthe instantaneouscurvatureto the
classicalconfigurationscomesfrom [1], its advantage
will bedescribedin thenext section.PSfragreplacements
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Figure1: a car-likevehicle.

Therobot � movesonaplanarworkspace� , which
is representedby a compact(i.e. closedandbounded)
set of � ��� . This workspaceis clutteredwith a set of
obstacles�! , "$#&% � �(')'('*��+), , representedby polygonal
regions. Thebodyof � mustavoid contact and colli-
sion with theseregions.

The motion of � is also limited by two classical
constraints,as the four wheelsof � shouldroll with-
out sliding. Consideringtherearwheels,whoseaxleis
fixed to � ’s body, it implies that the movementof �
remainsat eachpoint parallel to the main axis of the
robot,i.e.: -�/.	0213�54 -�76*89.:� �<; (1)

Onanotherhand,theorientationbetweenthedirect-
ingwheelsand � ’smainaxisisbounded,whichimplies
thattheturningradius� � is lowerbounded,or thatthe
curvatureof � ’s curve is upperbounded:=  =:> �?A@	B (2)
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At last, the orientationof the directingwheelscan
changewith a limited speedonly, andthusthe deriva-
tiveof thecurvatureof � ’scurveremainsalsobounded:

= - =C>ED ?A@FB (3)

2.2 FeasiblePaths

A pathis a continuoussetof positionsof � . It canbe
representedby a continuouscurve of theconfiguration
spaceG&HI�KJML7NOJ5PQ4� ?A@FB �� ?A@FBSR . As aconsequence,
its curvatureprofile (thefourth coordinateof thecon-
figurations)is continuous. It is feasibleif andonly if it
respectstheconstraints(1), (2) and(3), andis of finite
length.

A feasiblepathcanberepresentedby its projection
on � , i.e. by thecurve � follows alongthis path: the
orientation� alongthis pathis deducedusingthe con-
straint(1), its existencebeingensuredby theconstraint
(2). This representationis usuallyusedfor graphicdis-
play.

A feasiblepathis smoothif andonly if its projection
on � is T � : alongsuchapath,therobotmovesalways
in the samedirection (forward or backward), without
back-upmanoeuvres.A smoothpathcanalsoberepre-
sentedby its startingconfigurationUC� ; � , its length V and
its curvatureprofile XW
P ; �YV R 4OZ[PQ4� ?A@FB �� ?A@FBSR , (with= - =C>\D ?A@	B ).

2.3 Planning Problem

A path ] is a mappingfrom � � to G , giving a configu-
ration UC�_^`� for each ^X#aP ; ��V R , where V is the lengthof
] . GivenastartconfigurationUSb � ���
b`�	�9bS�	�cb`�Y�b*� and
a goalone U*d � �e��d:�F�cdf�F�`d9���dc� , sucha pathis a solu-
tion to ourproblemif andonly if it links U)b to U(d andis
feasibleandcollision-free,i.e.:

1. Endconditions: UC� ; � � USb and UC�gVg� � U(d ;
2. ] is feasible,and thereforeits curvatureprofile

is a continuousfunction almosteverywhere1 \W
P ; �YV R 4�ZhPQ4� ?A@FB �Y ?A@	BSR , suchthat

= - =C>\D ?A@	B ;
3. ] is collision-free:

i "j#k% � �(')'('l�Y+`,f� i ^m#nP ; ��V R �o�p�eUC�g^��F�rqs�! �ut

where�$�gUC�g^��	� denotestheregionof � occupied
by � whenin theconfigurationUC�_^�� .

1A propertyis verifiedalmosteverywhere if andonly if it is ver-
ified everywhereexceptfor afinite numberof values.

The plannerpresentedin this paperonly generates
smoothpaths(i.e. forward-onlypaths)betweenconfig-
urationswhosecurvatureis null. Thegeneralizationto
forwardandbackwardpaths,aswell aspathsbetween
configurationswith non-zerocurvature,will beconsid-
eredthissummer.

3 Propertiesof the Problem

Beforesearchinga solutionto this problem,it is inter-
esting to know whethersucha solution exists. This
questioncanbe answeredby proving the controllabil-
ity of therobot in theconsideredproblem.On another
hand,it is alsointerestingto know if optimalsolutions
(i.e.pathswith aminimumlength)doexist,andto char-
acterizethesesolutions.

3.1 Controllability

Wehaveprovedtwo results,whichareequivalentto the
controllability propertiesfor the problemsconsidered
by Dubinsandby ReedsandShepp(i.e. the classical
problems,withoutcurvaturecontinuity).

The robot is controllable if andonly if thereexists
a feasibleandsmoothpathlinking any two configura-
tions. Thecontrollability of the robothasbeenproved
analytically[21, � 5.3]. It meansthattherealwaysexists
asolutionto theproblemconsidered,assoonasthereis
no obstaclein theworkspace.

On anotherhand, the robot is small-timecontrol-
lable whenit doesbackupmanoeuvres:for eachcon-
figuration U andeachneighbourhoodv of U , thereex-
ists a second(smaller)neighbourhoodof U whereev-
ery configurationcanbereachedfrom U alonga feasi-
ble path includedin v [21, � 4.1]. It meansthat the
kinematicconstraintsdonot limit theexistenceof solu-
tions: a feasibleandcollision-freepathexistsbetween
two configurationsif andonly if a collision-freepath
existsbetweentheseconfigurations[13, Prop.5].

3.2 Optimal Paths

Filippov’s existencetheoremfor Lagrangeand Bolza
problemsof optimalcontrol,asstatedin [3, th. 5.1.ii],
canbeappliedto our problemin orderto provetheex-
istenceof asolutionpathof minimumlengthaslongas
a solutionpathexists[21, � 4.2].

Theresultsobtainedby Boissonnat,CerezoandLe-
blond[1] for manoeuvrablerobotscanbetranslatedto
our problem.It implies thatoptimalpathsaremadeof
line segments,circulararcsof maximumcurvatureand
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piecesof clothoid2 of maximumderivativeof thecurva-
ture. However, theseoptimal pathsusuallycontainan
infinity of pieces,andthuscannotbe usedin practice
[21, � 4.2].

3.3 Considered Paths
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Figure2: curvatureprofilesof Dubins’ andSCCpaths.

Thus, to solve our problem,we choseto usesim-
plerpathsthantheoptimalones:thesepatharemadeof
at most9 pieces,of thesamekind asthe piecesof the
optimal paths(line segments,circular arcsandpieces
of clothoid), and are called SCC paths(for SubOpti-
malContinuous-Curvaturepaths).Thesepathsarevery
similar to Dubins’ paths,but have a continuouscurva-
tureprofile: thediscontinuitiesof theDubins’pathsare
replacedby piecesof clothoid (cf. Fig. 2). The sub-
optimality of thesepathshavebeenprovedanalytically
[21, � 6].

4 Path Planning Method

Thepathplanningis performedusinga classicalmeth-
od: a fastandsimpleplanner, called local planner, is
associatedwith ahigherlevelmethodtoobtaintheglob-
al planner. The local plannerdoesnot take obstacles
into account,it only searchthe shortest(feasibleand
smooth)pathlinking twoconfigurations,while thehigh-
er level methoddealswith thecollision avoidance.We
will mainlyconsiderthelocalplanner, whichis ourcon-
tribution to this method.A detailedpresentationof this
planningmethodcanbefoundin IROS’97proceedings
[20], or in theFrenchthesis[19].

The local planneris similar to Dubins’ planner: it
searchesat mostsix paths,thecirculararcsof Dubins’
pathsbeingreplacedbycontinuous-curvatureturns, ma-
de of threepieces:in Fig. 2,

}
is replacedby the turn

madeof thepieces1, 2 and3, and T is replacedby the
turn5–6–7.In orderto applyDubins’method,weneed
to find thesetof theconfigurationsthatcanbereached

2A clothoid is a curve whosecurvatureis a linear function of its
arclength.

from agivenconfigurationwith acontinuous-curvature
turn of variousdeflection(i.e. variationof the orienta-
tion). It meansthat, for a given configuration U , we
will searchthe setdescribedby the final configuration
of a continuous-curvatureturn startingat U , when the
deflectionof this turnchangesfrom 0 to �c� .

PSfragreplacements
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Figure3: two examplesof localplanning.

We proved in [20, � 4] that, with a few simplifi-
cations,the configurationsof this set are placedon a
circle of fixed radius ��� , with their orientationdoing
a constantangle � with the tangentto the circle (and
a zerocurvature). Local planningis thendonewith a
methodsimilar to Dubins’ one,exceptthat the circles
consideredhave differentpositionsandbiggerradiuses
(cf. Fig. 3).

5 Applications

5.1 Car-Lik e Robots

In this section,we will mainly compareDubins’ local
planningwith ours,w.r.t. thecomplexity, the lengthof
thepathsgeneratedandthequality of thetracking.We
will also presentsomeexperimentalresultsobtained
with the global plannerwe implemented.Detailscan
befoundin IROS’98proceedings[21, � 6].

Complexity of the Computation Dubins’andourlo-
calplannerhavethesamealgorithm,theformulasin our
casebeinga little morecomplex. They have therefore
the samecomplexity, andequivalentcomputingtime:
thecomputationof aSCCpathis between1.5to 2 times
longer than the computationof a Dubins’ path (over
a million tests). Including collision checkingto local
planning increasessimilarly the time neededin both
case:thecomputationtimeratio is nearlythesamewith
or withoutcollision checking.

Length of the Paths Sub-optimalityof theSCCpaths
hasbeenproved analytically with a large bound[21,
� 6.2]. However, experimentalcomparisonbetweenthe
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lengthof Dubins’pathsandthelengthof theSCCpaths
intuitively shows a smallerbound: more than82% of
the SCCpathsare lessthan10% longer than the cor-
respondingDubins’ path,andthestandarddeviation of
thelengthratio is lessthan.2.

Quality of the Tracking Examplesof trackinghave
beensimulated,usingaKanayama’slaw asdescribedin
[8]. The maximumdistancebetweenthe plannedpath
and the followed path in more than ten times smaller
whenusingSCCpaths.In “wide turns”paths,theturns
(circulararcsin Dubins’ case,or continuous-curvature
turnsin our case)arefollowed by long line segments:
in Dubins’ case,the control methodcancomebackto
the plannedpath beforearriving to the next turn. In
“zigzags” paths,the turns are adjacents:the tracking
errorsof theturnsaddoneto theother. With a velocity
of 1meterpersecond,theSCCpathsarefollowedto the
centimeter, while thedistanceto Dubins’pathsis about
35cm.in “wide turns”and1.5meterin “zigzags”.With
a velocity of 3 meterper second,the control method
comesto a blockingsituationwith Dubins’ zigzags.In
ourcase,thetrackingerrorsalwaysremainsmallerthan
20 cm.,andareequivalentfor bothtypesof paths.

TheSCCpathplannerhasbeenusedwith areactive
fuzzy controller[6], to controloneof theexperimental
vehicle(aLigier) of theSHARPproject.

5.2 ManoeuvrableRobots

Pathsgeneratedby this plannercan be usedfor sub-
optimaltrajectoryplanningfor moremanoeuvrablerob-
ots, i.e. robotswith anunboundedturning radius. The
optimaltrajectoriesfor theserobotsindeedcontainline
segments,piecesof clothoids[14] andcirculararcs(the
radiusof thesearcscorrespondto boundsof velocities).
An exampleof applicationof thisplannerto suboptimal
continuous-curvaturetrajectoryplanningfor manoeu-
vrablerobotsis givenin [22].

6 Conclusionand
Futur eWorks

Thispaperdescribesanew pathplanningproblem,add-
ing two curvatureconstraints(continuityandboundon
its derivative) to the classicalkinematicconstraintsof
a car-like robot. Our contributionsare the characteri-
zationof the problem,w.r.t. the existenceof solution
andthe optimality of thesesolutions,the definition of
a planning methodin the forward-only caseand ex-
perimentalcomparisonsbetweenDubins’ localplanner

(usuallyused)andthecontinuous-curvaturelocalplan-
ner. The complexity of this one is equivalent to the
complexity of Dubins’ one, and its computationtime
is lessthantwice Dubins’ one. On anotherhand,Du-
bins’ pathsaremorethantentimesharderto trackthan
continuous-curvaturepaths. The continuous-curvature
localplanneris thusmoreefficient thanDubins’one.

Futureworkswill exploretwo maindirections:im-
provementof the forward-onlyplanning(planningbe-
tweenconfigurationswith non-zerocurvature,determi-
nationof thetypeof theshortestpathasageneralization
of thework of Bui et al. [2]) andstudyof thecasewith
manoeuvres(definitionof anoptimality criteria,nature
of the optimal paths,positionsof changesof motion’s
direction).
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