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Bayesian Filtering Kalman Filter Localization and mapping

Online estimation: application to localization and
mapping

Dr. Francis Colas
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Bayesian filtering

Objective:

» estimate value,
» along time,

» according to an observation,

» taking control into account;

E’H Ziirich
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Bayesian Filtering

Bayesian filtering

Objective:

» estimate value,

» along time,

» according to an observation,

» taking control into account;
Hidden Markov Models:

> time series,

> discrete states,

» no control.
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Bayesian Filtering

Baysian filtering

Adding control U;:
HMM Baysian filter
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Bayesian Filtering

| Bayesian filtering

Estimation:
P(xt|ZO:tau0:t)
X P(zt|xt)
X ZP(Xt‘xt—l,Ut—l)P(Xt—ﬂZO:t—laUO:t—l)

Xt—1
Distributions:
» P(z:|x;): observation model,
» P(x¢|xt—1,u:_1): transition model including command,
» P(x¢—1|Z0:t—1,U0:t—1): previous state estimate;
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Bayesian Filtering

| Bayesian filtering

Estimation:
P(xt|ZO:tau0:t)
X P(zt|xt)
X ZP(Xt‘xt—l,Ut—l)P(Xt—ﬂZO:t—laUO:t—l)

Xt—1

Distributions:

» P(z:|x;): observation model,

» P(x¢|xt—1,u:_1): transition model including command,

» P(x¢—1|Z0:t—1,U0:t—1): previous state estimate;
Characteristics:

» more general than HMM,

» can work with continuous state space,

» inference is integrating on the state space.
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Bayesian Filtering

Bayesian filtering

P(Xt‘ZO:hUO:t)

< P(z¢|x¢)

Xt—1
Problem:

X ZP(xt|xt717utfl)P(xt71|ZO:t71,uO:tfl)

» complexity of the integration;
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Bayesian Filtering

| Bayesian filtering

P(Xt‘ZO:hUO:t)

< P(z¢|x¢)
X ZP(Xt|xt717utfl)P(Xt71|ZO:t71>uO:tfl)
Xt—1

Problem:
» complexity of the integration;
Solutions:
» make assumptions to find a closed-form expression,

» approximate (class 9).
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Kalman Filter
Kalman filter

Kalman filter:

» specific case of Bayesian filter,

» linear and Gaussian assumptions,

» closed-form expression for inference;
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Kalman Filter

Kalman filter

Kalman filter:

>

>

>

specific case of Bayesian filter,
linear and Gaussian assumptions,

closed-form expression for inference;

Uses (with variants):

>

>

signal processing,
attitude estimation,
pose estimation,
map estimation,
computer vision,

rockets,
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Kalman Filter

Kalman filter

Assumptions:
» states and observations: vectors of real numbers,
all distributions are Gaussian,
linear dynamic model,
linear observation model,
Markov assumption (Bayesian filter);

vV vYyysy
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Kalman Filter

Kalman filter

Assumptions:

» states and observations: vectors of real numbers,
all distributions are Gaussian,

» linear dynamic model,

» linear observation model,

» Markov assumption (Bayesian filter);
In other words:

> P(x¢|x¢—1,u:) = N(Fx;—1 + But, Q),

> P(z¢|x¢) = N(Hx¢, R)

v
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Kalman Filter

Kalman filter

Assumptions:
» states and observations: vectors of real numbers,
» all distributions are Gaussian,
» linear dynamic model,
» linear observation model,
» Markov assumption (Bayesian filter);
In other words:
> P(x¢|x¢—1,u:) = N(Fx;—1 + But, Q),
> P(z¢|x¢) = N(Hx¢, R)
where:
» N(p, X) is the Gaussian distribution with mean p and
covariance matrix X,
» F, B and H are matrices,
» Q is the covariance matrix on the state transition model,
» R is the covariance matrix on the observation .model.
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Models

Kalman Filter

Transition model:

P(x¢[x¢—1,u¢) = N(Fx;—1 + Bu;, Q)
where w; < N (0, Q).

Xy = Fxt,1 + But —+ W
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Models

Transition model:

P(x¢[x¢—1,u¢) = N(Fx;—1 + Bu;, Q)

g
I

Xy = FXt,1 + But —+ W

where w; < N(0, Q).
Observation model:

P(z¢|x¢) = N(Hx¢, R)

Z; = HXt + V;

where v; < N(0, R).
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Kalman Filter
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Models

Transition model:

=]
S
<

P(x¢[x¢—1,u¢) = N(Fx;—1 + Bu;, Q)

Xy = FXt,1 + But + W
where w; < N(0, Q).
Observation model:

P(z¢|x¢) = N(Hx¢, R)

Z; = HXt + V;
where v; < N(0, R).
Both models:

» linear,

» Gaussian noise.
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Kalman Filter
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% |nference

Inference:

P(Xt|ZO:t7u0:t)

X P(Zt|xt) Z P(Xt|Xt—1, Ut—l)P(Xt—ﬂZO:t—l; uO:t—l)

Xt—1

=]
S
<

x  N(Hx,R) / N(Fxe_1 + Bug, Q)P(xe—1]20:-1, U0t 1)
Xt—1

Note:

» convolution by a Gaussian,
» product with a Gaussian;
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Kalman Filter

Inference

Inference:
P(Xt’ZO:huO:t)
X P(Zt|xt)zP(Xt|xt—1,Ut—l)P(Xt—l‘ZO:t—laUO:t—l)

Xt—1

x  N(Hx,R) / N(Fxe_1 + Bug, Q)P(xe—1]20:-1, U0t 1)
Xt—1

Note:
» convolution by a Gaussian,
» product with a Gaussian;
Consequence:
» if prior is Gaussian: posterior also,
» mean and covariance are sufficient,
» closed-form expression for mean and covariance.
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Inference

More notations:

=
o
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> Xy mean of P(x¢|zo:t, Uo:r),

> Py¢: covariance of P(x¢|zo., Uo:t),

[m] [ = =

12N G4
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Kalman Filter

. More notations:
<<

> Xy mean of P(x¢|zo:t, Uo:r),
» Py;: covariance of P(x¢|zo:t, uo:t),
> Xy .—1: mean of P(x¢|zo:t—1,u0:t-1),

» Pyj¢_1: covariance of P(x¢|zo:t—1,U0:t-1),
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Inference

More notations:

> Xy mean of P(x¢|zo:t, Uo:r),
» Py;: covariance of P(x¢|zo:t, uo:t),
> Xy .—1: mean of P(x¢|zo:t—1,u0:t-1),

» Pyj¢_1: covariance of P(x¢|zo:t—1,U0:t-1),

v

y:: mean of innovation,

v

S;: covariance of innovation,
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Inference

More notations:

> Xy mean of P(x¢|zo:t, Uo:r),

» Py;: covariance of P(x¢|zo:t, uo:t),

> Xy .—1: mean of P(x¢|zo:t—1,u0:t-1),

» Pyj¢_1: covariance of P(x¢|zo:t—1,U0:t-1),
> y,: mean of innovation,

» S;: covariance of innovation,

» K;: Kalman gain.
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Kalman Filter

Kalman filter algorithm

Prediction:

X¢jt—1 < FX¢1)¢-1 + Bug

Pije—1 < Fpt—1|t—1FT +Q
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Kalman Filter

Kalman filter algorithm

Prediction:
X¢jt—1 < FXeq)e—1 + Bug
Pieo1 < FPt—1|t—1FT +Q
Update:
Ye ¢z — HXyp 1
S: + HP,, H" +R
K+ PyeH'S;!
Xt < Xeje—1 + Ke¥e
Pye < (I — KeH)Pyeq
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°  Example

8 Train:

% > estimate 1D position x,
E

> linear speed command u;,

» noisy distance observation z;;
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Example

Train:

» estimate 1D position x;,

> linear speed command uy,

» noisy distance observation z;;
Specifications:

» Transition model:

» F=1,
» B=At=1,
» Q=1
» Observation model:
» H=1,
» R=1.
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Example

Start:
> X0 =0,
> P0|0 =1;
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. i Bayesian Filtering Kalman Filter Localization and mapping

Example

Start:
> X0 =0, > up =1,
> Po|o =1 » 71 = 1.1;
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° Example
E Start:
> X0 =0, > up =1,
» Poo =1, » 71 =1.1;
Prediction:

> )?1|0 = F)?()lo + BUl =1
> Pyo=FPooF' + Q=2

u]
]
I
i
it
<
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© Example
Start:
> X0 =0, > u =1,
> Poo =1, » 7z =1.1;
Prediction:

> )?]_lo = F)?O\O + BUl =1

> Py =FPooF' + Q=2
Update:

> 1 =21 — Hxyo = 0.1
» S; =HP;oH' +R=3

> Ky =Py oH'S; " =0.667

> X1 = Ry + Ky = 1.067
P11 = (I — KiH)Pyjo = 0.667

v
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Kalman Filter

| Example

Start:
> )’}olo =0, > up =1, > )?1‘1 = 1.067, > up =1,
> PO|0 =1; > 721 =1.1; > Pl\l = 0.667; > 7z = 2.3;
Prediction:

> )?]_lo = F)?O‘O -+ BUl =1

> Py =FPooF' + Q=2
Update:

> 1 =21 — H&yo = 0.1
» S; =HP;oH' +R=3

> Ky =Py oH'S; " =0.667

> X1 = Ry + Ky = 1.067
P11 = (I — KiH)Pyjo = 0.667

v
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Kalman Filter

Example
Start:
> )A<0|0 =0, > U = ]_y > )?1‘1 = 1.067, > Uy = ]_’
> PO|0 =1; > 721 =1.1; > Pl\l = 0.667; > 7z = 2.3;
Prediction:
> )?]_lo = F)?O‘O —+ BUl =1 » )’22|1 = 2.007
> Py =FPooF' + Q=2 » Py =1.667
Update:

> 1 =21 — H&y)o = 0.1
» S; =HPoH' +R=3

> Ky =Py oHTS;" =0.667

> X1 = Ry + Ky = 1.067
P11 = (I — KiH)Pyo = 0.667

v
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Kalman Filter

Example
Start:
> X0 =0, > =1, > X1 = 1.067, > up =1,
> Poo =1 > 71 = 1.1; » Py = 0.667; > 2 =2.3;
Prediction:
> Xi0 = FXoo + Buy =1 > %o = 2.067
> Py =FPooF' + Q=2 > Py = 1.667
Update:
» 1 =21 — HXp=0.1 > 7 =0.233
» S; =HPoH' +R=3 > Sy = 2.667
> Ky = PyoH"S; ! = 0.667 > Kz =0.625
> )?1|1 = >?1|0 + Kiyn = 1.067 > >A<2|2 =2213
> Py = (I — KiH)Py g = 0.667 > Py, =0.625
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Kalman Filter
Limitations

Limitations:

» planar pose update:

Xt+1
Yt+1 =
Ort1

Xt + :—i(sin(@t + tht) —sin Ht)

Ye — gt (cos(0¢ + weAt) — cos b;)
Or + wrAy

14/25 — ETH-ASL-Dr. Francis Colas — Information Processing for Robotics

E’H Ziirich



<
m
.

Autonomous Systems Lab

»
[ . - .
ﬁ ] Bayesian Filtering Kalman Filter Localization and mapping

Limitations

Limitations:
» planar pose update:

Xt41 Xt + x—i(sin(et + tht) —sin 91:)
vier | = ve— wﬁt(cos(et + wAt) — cos b;)
0111 O + weAy

» uncertainty for distance measurements:
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Kalman Filter
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Limitations

Limitations:

» planar pose update:

Xt41 Xt + ﬁ(SIH(Qt—FWtAt) —sin Qt)
Y1 Ye — gt (cos(0¢ + weAt) — cos b;)
0t+1 91_“ + tht

» uncertainty for distance measurements:

» throttle or acceleration command: x = x and u = a

Xt+1 = Xt+???
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Kalman Filter

Hypotheses and extensions

Hypotheses:
> linearity,
» Gaussian distributions,
» Order-1 Markov;
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Kalman Filter

Hypotheses and extensions

Hypotheses:
> linearity,
» Gaussian distributions,
» Order-1 Markov;
Extensions:
» Extended Kalman Filter (EKF) when slightly non-linear,
» Unscented Kalman Filter (UKF) when highly non-linear,

» enrich the state to transform order-k Markov into order-1
Markov,

» Kalman-Bucy filter for continuous time,

» (Extended) Information Filter for efficiency for several
measurements,

> ...
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Kalman Filter

- Extended Kalman Filter

Kalman Filter:
Xy = FXt,1 + But —+ w;

Z; = HXt =+ Vi

Extended Kalman Filter:
Xt = f(Xe—1,U¢) + Wy

Z; = h(xt) —+ Vi

16/25 — ETH-ASL-Dr. Francis Colas — Information Processing for Robotics



Kalman Filter

| Extended Kalman Filter

Kalman Filter:
Xy = FXt,1 + But —+ w;

Z; = HXt =+ Vi
Extended Kalman Filter:

Xt = f(Xe—1,U¢) + Wy

Z; = h(xt) + A\
Define:
__ of
» Fe = E‘it—l\t—lvut

— 0hy,
> Ht - ax‘xt\t—l
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Kalman Filter

| Extended Kalman Filter

Kalman filter algorithm

Prediction:

Xtjt—1 < FX¢_1)t—1 + Bu

Pie—1 < FPt—1|t—1FT +Q

Update:

Ve < 2t — HXyey

S¢ + HP,, H" +R

K+ PyeH'S;!

Xer ¢ Xejp—1 + KeYy

Pe < (I = KeH)Pyey
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Extended Kalman Filter

Extended Kalman filter algorithm

o
S
<

Prediction:
Xelt—1 <_f(’?t—1|t—1a ut)
Pee1 <_Ftpt71|t71FtT +Q

Update:

Ye < ze—h (ﬁt|t—1)

St <—HtPt|t71HtT + R
Ke < Pye 1 H. TS, !
Xeje ¢ Xeje—1 + Ke¥e
Pie < (I = KeH)Pye—q
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Kalman Filter

Summary

Kalman filter:

» Bayesian filter with Markov assumption,

» Linear models for update and observation,
» Gaussian distributions;
Extensions:
» Extended Kalman Filter for small non-linearities;

Uses:

v

estimation,

control,

filtering,

localization and mapping,
GPS,
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Localization and mapping

Localization and Mapping

Localization:
» definition:
» find out where the robot is,

» estimate the pose in a given reference frame given the sensor
values;

> requirement:
» map of the environment;
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Localization and mapping

Localization and Mapping

Localization:
» definition:
» find out where the robot is,

» estimate the pose in a given reference frame given the sensor
values;

> requirement:
» map of the environment;
Mapping:
» definition:
» build a map,

> estimate a representation of the environment given the sensor
values;

> requirement:
» localization of the robot.
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Localization and mapping

Simultaneous Localization and Mapping

Simultaneous Localization and Mapping:
> localize in and map an unknown environment,

> jointly estimate pose and map given the sensor values.
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Localization and mapping

Simultaneous Localization and Mapping

Simultaneous Localization and Mapping:

> localize in and map an unknown environment,

> jointly estimate pose and map given the sensor values.
Parallel Tracking and Mapping:

» |ocalize in a partial map and update the map,

» computer vision and graphics.
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ﬁ i Localization and mapping

Markov Localization

Definition:

» localization with a Bayesian filter,

v

state is the position of the robot,

v

prediction based on actions,

v

update based on observation;
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Localization and mapping

Markov Localization

t
P

T J » courtesy D._Fox
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Localization and mapping

Markov Localization

Definition:

» |ocalization with a Bayesian filter,

v

state is the position of the robot,

v

prediction based on actions,

v

update based on observation;
Features:
> iterative computation,

> represent the state distribution:

» Gaussian — Kalman filters,
» histogram on fixed discretization,
» samples: Monte-Carlo localization.
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Localization and mapping

Simultaneous Localization and Mapping

Problem statement:

> joint estimation of pose and map;
» map parametrization:

» dense: occupancy grid,
>

» sparse: landmarks;

v

transition model;

v

observation model;

v

representation of the probablity distributions:

» Gaussians: EKF-SLAM,
» samples: fast-slam, Rao-Blackwellized Particle Filter...
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Localization and mapping

Simultaneous Localization and Mapping

Common structure: EKF-SLAM:
» landmarks: (x;, yi)
» map is the set of landmarks,
» include map into state vector,
X
() y
0
X1
e > state: x=| .|,
T i
XN
YN
» apply EKF.
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Localization and mapping

VSummary on Localization and Mapping

Localization:

> estimate pose,
Mapping:

» estimate map,
SLAM:

» estimate both,
» several kinds of map:
» occupancy grids,
» landmarks,
> several algorithms:
EKF-SLAM,
Fast-SLAM,
Rao-Blackwellized Particle Filter (class 9),
PTAM,

vV vy vy VvVYy
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Localization and mapping
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i
Summary

Bayesian filtering:

> generic estimation,

» Markov assumption,
> iterative inference;
Kalman filter:
» Bayesian filter,
» linear and Gaussian assumptions,
» extensions;
Localization and mapping:
» estimation problem,

» several variants.
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