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> 24 heures de cours (12x2 heures)
8x2 heures de CGEOMETRIE ALGORITHMIQUE

4x2 heures de ROBOTIQUE

> Controle continu (40%) + examen (30 %)
+ exposé sur article (30 %)

Pas de rattrapage pour le contrdle continu...



https://members.loria.fr/0livier.Devillers/master/

1. (XG) Enveloppe convexe: définition et algorithmes.

2. (XG) Triangulation de Delaunay, définitions et premieres propriétés.
3. (XG) Triangulation de Delaunay, algorithmes

4. (OD) Randomisation.

5. (OD) Robustesse aux erreurs numériques

6. (FC) Cartes en robotique

7. (OD) Reconstruction

8. (XG) Arrangements de courbes et de surfaces

9. (XG) Subdivision spatiale et planification de trajectoires
10. (FC) Espace de configuration

11. (FC) Planification déterministe

12. (FC) Planification stochastique
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Computational geometry

Design geometric algorithms

Study complexity

Model of computation
Worst-case or random analysis
Lower bound

Asymptotic analysis
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Computational geometry problems

Convex hull
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Computational geometry problems

Convex hull




Computational geometry problems

Convex hull
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Computational geometry problems

Convex hull

Delaunay triangulation / Voronoi diagrams
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Computational geometry problems

Convex hull

Delaunay triangulation / Vorohoj diagrams
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Computational geometry problems

Convex hull

Delaunay triangulation / Voronoi diagrams

Arrangement of curves
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Computational geometry problems

Convex hull

Delaunay triangulation / Voronoi diagrams

Arrangement of curves

6-14



Computational geometry problems
Convex hull

Delaunay triangulation / Voronoi diagrams
Arrangement of curves

Lower enveloppes

\ /
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Computational geometry problems

Convex hull
Delaunay triangulation / Voronoi diagrams
Arrangement of curves

Lower enveloppes

_/
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Computational geometry problems

Convex hull
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Computational geometry problems

Convex hull

Delaunay triangulation / Voropdiag
Arrangement of curves /
Lower enveloppes /
Visibility W’/
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Points to shape
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Computational geometry usage

Points to shape

\Use De\a\may

w
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Computational geometry usage

RN

Shape to mesh
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Computational geometry usage

Shape to mesh
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Computational geometry usage

Shape to mesh
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Computational geometry usage
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Computational geometry usage

Motion planning
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Computational geometry usage

Motion planning
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Motion planning
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Motion planning \
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Computational geometry usage
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Motion planning \
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Motion planning

\ v)



Computational geometry usage

Motion planning \
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Motion planning
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Computational geometry usage

Motion planning
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Computational geometry usage

Motion planning
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Complicated algorithms
Worst case complexities
Asymptotic complexities
Real RAM model

Lower bounds

General position hypothesis

Fit real life data
For n big enough
Does it exist
Real life data

Don't degeneracies exist
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Complicated algorithms
Worst case complexities
Asymptotic complexities
Real RAM model

Lower bounds

General position hypothesis
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Fit real life data

For n big enough
Does it exist
Real life data

Don't degeneracies exist
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Worst case complexities
Asymptotic complexities
Real RAM model

Lower bounds
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Computational geometry, 1985-2000

Simpler

Complicated algorithms

Worst case complexities

\<ra ndomized

Asymptotic complexities
Real RAM model
Lower bounds

General position hypothesis
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Computational geometry, 1985-2000

Simpler

Complicated algorithms

Worst case complexities

\<ra ndomized

Asymptotic complexities

Real RAM model
Lower bounds

General position hypothesis
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Computational geometry, 1985-2000

Complicated algorithms

Worst case complexities

Asymptotic complexities

Real RAM model address robustness issues
Lower bounds

General position hypothesis solve degeneracies
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Computational geometry, 1985-2000

Complicated algorithms

Worst case complexities

Asymptotic complexities Just really code it
Real RAM model

Lower bounds

General position hypothesis
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Computational geometry, 1985-2000

Complicated algorithms
Worst case complexities

Asymptotic complexities Just really code it

Real RAM model

Lower bounds

General position
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Computational geometry, 2000-

Complicated algorithms

Worst case complexities Probabilistic hypotheses
Old (and recent) math literature

Asymptotic complexities

Real RAM model

Lower bounds

General position hypothesis
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Computational geometry, 2000-

Coniplicated algorithms

Worst case complexities Probabilistic hypotheses
Old' (and recent) math literature

Asymptotic complexities

Real RAM mode!

| ower bounds

General position hypothesis

12 - 4



Computational geometry, 2000-

Beyond the Euclidean realm
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omputational geometry, 2000-

Bone scaffolding

12
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Computational geometry, 2000-

Beyond the Euclidean realm
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Le sujet d'aujourd hui...
les enveloppes convexes



Convex hull
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Convex hull
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Convex hull
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Convex hull

Definition, extremal point

Jarvis algorithm

Orientation predicate

Buggy degenerate example

Real RAM model and general position hypothesis
Graham algorithm

Lower bound

Three dimensions

14 - 4



COnVGX hU” Definition, extremal point
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COnVEX hU” Definition, extremal point

Set of points o
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COnVGX hU” Definition, extremal point

Set of points

f

Smallest enclosing convex set
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COnVEX hU” Definition, extremal point

Set of points

f

Smallest enclosing convex set

Extremal point

Supporting line ("tangent” line)
15 - 4
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Un premier algorithme

(Jarvis, a.k.a. paquet cadeau)



COnVGX hull Jarvis algorithm
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COnVGX hull Jarvis algorithm
lowest point is extremal



COnVGX hull Jarvis algorithm

rotate
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COnVGX hull Jarvis algorithm

rotate
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COnVGX hull Jarvis algorithm

rotate

17 -5



COnVGX hull Jarvis algorithm

rotate
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COnVGX hull Jarvis algorithm

next vertex found
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Convex hull

next vertex found
and next one

17 - 8

Jarvis algorithm




COnVGX hull Jarvis algorithm

next vertex found
and next one

g A L.
until backto starting point

17 -9



COnVEX hull Jarvis algorithm

Input : point set S
u = lowest point in .S; min = oc
For each w € S\ {u}
if angle(uzx, uw) < min
then min = angle(ux, uw); v = w;
u.next = v;

Do
S =5\{v}
For each w € S
min = o0
if angle(v.pred v, vw) < min
then min = angle(v.pred v,vw); v.next = w;
v = v.next;
While v # u

18-1



C
Convex hull O/);,O

Input : point set S
u = lowest point in .S; min = oc
For each w € S\ {u}
if angle(uzx, uw) < min
then min = angle(ux, uw); v = w;
u.next = v;

Jarvis algorithm
Q', .

/,
4 5

Do
S =5\{v}
For each w € S
min = o0
if angle(v.pred v, vw) < min
then min = angle(v.pred v,vw); v.next = w;
v = v.next;
While v # u

18 - 2



C
Convex hull O/);,O
Q',.
/,

Input : point set S
u = lowest point in .S; min = oc J/f)
Oln)
if angle(ux, uw) < min
then min = angle(ux, uw); v = w;
u.next = v;

Jarvis algorithm

Do
S =5\{v}
For each w € S
min = o0
if angle(v.pred v, vw) < min
then min = angle(v.pred v,vw); v.next = w;
v = v.next;
While v # u

18 - 3
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Convex hull O/);,O

Input : point set S
u = lowest point in .S; min = oc
For each w € S\ {u}
if angle(uzx, uw) < min
then min = angle(ux, uw); v = w;

Jarvis algorithm
Q', .

/,
4 5

u.next = v;
Do
T O(n)
min = o0

if angle(v.pred v, vw) < min
then min = angle(v.pred v,vw); v.next = w;
v = v.next;
While v # u
18 - 4
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Convex hull O/%

Input : point set S
u = lowest point in .S; min = oc
For each w € S\ {u}
if angle(uzx, uw) < min
then min = angle(ux, uw); v = w;
u.next = v;
S=5)\{v}
For each w € S
min = o0
if angle(v.pred v, vw) < min
then min = angle(v.pred v,vw); v.next = w;
v = v.next;

While v # u

18 - 5
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C
Convex hull O/%

Input : point set S
u = lowest point in .S; min = oc
For each w € S\ {u}
if angle(uzx, uw) < min
then min = angle(ux, uw); v = w;
u.next = v;
S=5)\{v}
For each w € S
min = o0
if angle(v.pred v, vw) < min
then min = angle(v.pred v,vw); v.next = w;
v = v.next;

O(n)

18 - 6

Jarvis algorithm
QI’ .

/,
4 5
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Convex hull O/);,O

_ Q'"
Input : point set S /J/
u = lowest point in .S; min = oc e
For each w € S\ {u} O(nz)
if angle(uzx, uw) < min
then min = angle(ux, uw); v = w;
u.next = v;

Jarvis algorithm

Do
S =5\{v}
For each w € S
min = o0
if angle(v.pred v, vw) < min
then min = angle(v.pred v,vw); v.next = w;
v = v.next;
While v # u

18 -7



C
Convex hull O/);,O

_ Q'"
Input : point set S /J/
u = lowest point in .S; min = oc e
For each w € S\ {u} O(nz)
if angle(uzx, uw) < min
then min = angle(ux, uw); v = w;

Jarvis algorithm

u.next = v; O(nh)
Do
S =5\ {v}
For each w € S
min = o0
if angle(v.pred v, vw) < min
then min = angle(v.pred v,vw); v.next = w;
v = v.next;
While v # u

18 - 8



Convex hU” Orientation predicate

Input : point set S v.next
u = lowest point in .S; min = oc
For each w € S\ {u}
if angle(uzx, uw) < min
then min = angle(ux, uw); v = w;
u.next = v;

Do
S =5\{v}
For each w € S v.pred
if angle(v.pred v, vw) < min
then min = angle(v.pred v, vw); v.next = w;
vV = v.next;
While v # u

19-1



COnVGX hU” Orientation predicate

if angle(pv,vw) < min

19 - 2



COnVGX hU” Orientation predicate

if angle(pv,vw) < min n

—_— —>
VW PV )
vw ||-|[po]]

angle(pv,vw) = arccos( ”

19-3



Convex hU” Orientation predicate

if angle(pv, vw) < min
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Convex hU” Orientation predicate

if angle(pv, vw) < min

if vwn turn left

19 -5



Convex hU” Orientation predicate

if angle(pv, vw) < min n

19-6



COnVGX hU” Orientation predicate

n.
w

20 -1



COnVGX hU” Orientation predicate

n.
w

11 1 ¢
Ly — Ly Tp — Ty
y_yy_y:a:vxw:cn>0 ﬁ)
w v n v yv yw yn

20 - 2



COnVGX hU” Orientation predicate

n.
w

I 1 1

= | Xy Ty Ty | >0 ﬁ)
Yv Yw Yn
vwn - ¢ W e
®v

I 1 1 ﬁ
v Ty Tp | <0
Ty Ty T .n

Yv Yuw Yn

xw_xv xn_xv
Yo — Yo Yn — Yo

20 - 3



COnVGX hU” Orientation predicate

n
.
w
1 1 1
= | Xy Ty Ty | >0 ﬁ)
Yv Yw Yn
‘s
®v

I 1 1 ﬁ
v Ty Tp | <0
Ty Ty T .n

Yv Yuw Yn

® W

1 1 1
Ty Tw Tpnl! =10
Yv Yw Yn

xw_xv xn_xv
Yo — Yo Yn — Yo

20 - 4



COnVGX hU” Orientation predicate

n
.
w
1 1 1
= | Xy Ty Ty | >0 ﬁ)
Yv Yw Yn
‘s
®v

I 1 1 ﬁ
v Ty Tp | <0
Ty Ty T .n

Yv Yuw Yn

0> *v w
vwn U ! degenerate case

1 1 1
Ty Tw Tpnl! =10
Yv Yw Yn

xw_x/v xn_xv
Yo — Yo Yn — Yo
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COnVGX hU” Orientation predicate

n
.
w
1 1 1
= | Xy Ty Ty | >0 ﬁ)
Yv Yw Yn
‘s
®v

I 1 1 ﬁ
v Ty Tp | <0
Ty Ty T .n

Yv Yuw Yn

o .
v n rounding errors
vwn 0 ? S

1 1 1
Ty Tw Tpnl! =10
Yv Yw Yn

xw_xv xn_xv
Yo — Yo Yn — Yo




COnVEX hull Jarvis algorithm

Input : point set S
u = v = lowest point in S

Do
n = first in S
For each w € S
if vwn CCW
then n = w:
v.next =n; v =n,;
S =5\ {v}
While v # u

21
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Un premier contact avec

les problemes de robustesse



COnVGX hU” Orientation predicate

Rounding errors possible p=(3+zu s +yu)
: 0<ax,y<256, u=2""°
q = (12,12)

. 71——(24,24)‘:::::::::::::::3

‘i orientation(p, q,r)

evaluated with double

23 -1



COI’]VEX hU” Orientation predicate

Rounding errors possible

p=(3+zu;+yu
. 0<z,y<256, u=2""°
q = (12,12)
oss \ect Js
’ r= (247 24) Tease! obustNe>

‘ orientation(p, q,r)

evaluated with double

<0

23 - 2
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COnVGX hU” ~eer 100U Buggy degenerate example

(single precision)

e wy = (12,12)
° weo = (24, 24)

. ws = (30, 30.000001)
wy = (23, 36)

ws = (0.5000029, 0.5000027)

24 - 1



ness \eCtur®
S

Convex hull 7= " —TBugey degenerate example

(single precision)

e wy = (12,12)
o weo = (24, 24)

. w3 = (30, 30.000001)
wy = (23, 36)

ws = (0.5000029, 0.5000027)

Input : point set S

i u = v = lowest point in S;

Yo\

24 - 2
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Convex hull 7= " —TBugey degenerate example

(single precision)

® Wy, = (12, 12)
® Wo — (24, 24)
. w3 = (30, 30.000001)
Wy = (23, 36)
Wy = (0.5000029, 0.5000027)
o
Do
i n = first in S;
For each w € S
u if vwn positive

then n = w;
v.next =n; v =mn;
S =5\{v}
While v £ u
24 - 3
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Convex hull 7= " —TBugey degenerate example

(single precision)

® Wy, = (12, 12)
® Wo — (24, 24)
. w3 = (30, 30.000001)
Wy = (23, 36)
Wy = (0.5000029, 0.5000027)
T
Do
n = first in S;

For each w € S
If vwn positive
then n = w;
v.next =n; v =mn;
S =5\{v}
While v £ u

S
I
S

24 - 4
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Convex hull 7= " —TBugey degenerate example

single precision
(sing

© wyp = (12, 12)
® Wo — (24, 24)
w3z = (30, 30.000001)

v wa = (23, 36)

Wy = (0.5000029, 0.5000027)

T
Do
n = first in S;

For each w € S
If vwn positive
then n = w;
v.next =n; v =mn;
S =5\{v}
While v £ u

S
I
S

24 - 5
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Convex hU” —er OOV Buggy degenerate example

(single precision)

: wy = (12,12)
- we = (24,24)

ws = (30,30.000001)
" wy = (23, 36)

ws = (0.5000029, 0.5000027)

Do
n = first in S
For each w € S
If vwn positive
then n = w;
v.next =n; v =mn;
S =5\{v}
While v £ u

S
I
S
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Convex hU” —er OOV Buggy degenerate example

(single precision)

y wy = (12,12)
o we = (24,24)

ws = (30,30.000001)
" wy = (23,36)

ws = (0.5000029, 0.5000027)

Do
n = first in S
For each w € S
If vwn positive
then n = w;
v.next =n; v =mn;
S =5\{v}
While v £ u

S
I
S

24 - 7



e
<tness \ectu!
u

Convex hull 7= " —TBugey degenerate example

(single precision)

® wyp = (12, 12)
® Wo — (24, 24)
w3z = (30, 30.000001)
" wy = (23, 36)
Wy = (0.5000029, 0.5000027)
o
Do
n = first in S;
For each w € S
U=v=w if vwn positive

then n = w;
v.next =n; v =mn;
S =5\{v}
While v £ u
24 - 8



e
<tness \ectu!
u

Convex hull 7= " —TBugey degenerate example

(single precision)

o wy = (12,12)
® W
v ws = (30, 30.000001)
wy = (23, 36)

ws = (0.5000029, 0.5000027)

" Do
n = first in S
For each w € S
U If vwn positive

then n = w;
v.next =n; v =mn;
S =5\{v}
While v £ u
24 - 9
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Convex hull 7= " —TBugey degenerate example

(single precision)

o wy = (12,12)
w —fwz—@-i-,é-ﬁ—
v ws = (30, 30.000001)
wy = (23, 36)

ws = (0.5000029, 0.5000027)

" Do
n = first in S
For each w € S
U If vwn positive

then n = w;
v.next =n; v =mn;
S =5\{v}
While v £ u
24 - 10



Buggy degenerate example
(single precision)

wi = (12,12)

W
ws = (30, 30.000001)

wy = (23, 36)
ws = (0.5000029, 0.5000027)

Do

n = first in S;

For each w € S

If vwn positive

! then n = w;
Incoherence v.nert =n; v =mn,

S =5\{v}
While v £ u

24 - 11
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Convex hull 7= " —TBugey degenerate example

W (single precision)
wy = (12,12)
® W
ws = (30, 30.000001)
wy = (23, 36)

ws = (0.5000029, 0.5000027)

" Do
n = first in S
For each w € S
U If vwn positive

then n = w;
v.next =n; v =mn;
S =5\{v}
While v £ u
24 - 12
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Convex hull 7= " —TBugey degenerate example

24 - 13

(single precision)

n wr = (12,12)

ws = (30, 30.000001)
wy = (23, 36)
ws = (0.5000029, 0.5000027)

Do
n = first in S
For each w € S
If vwn positive
then n = w;
v.next =n; v =mn;
S =5\ {v}
While v £ u
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Convex hull 7= " —TBugey degenerate example
v (single precision)

wy = (12,12)
W N o R e
ws = (30, 30.000001)
%
ws = (0.5000029, 0.5000027)

Do
n = first in S
For each w € S
If vwn positive
then n = w;
v.next =n; v =mn;
S =5\{v}
While v £ u
24 - 14
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Convex hull 7= " —TBugey degenerate example

24 - 15

(single precision)

v wr = (12,12)

® %
ws = (30, 30.000001)

%
ws = (0.5000029, 0.5000027)

Do
n = first in S
For each w € S
If vwn positive
then n = w;
v.next =n; v =mn;

S =5\ {v}
While v £ u
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Convex hull 7= " —TBugey degenerate example
(single precision)

%
® %
ws = (30, 30.000001)
%
u = ws = (0.5000029, 0.5000027)

Do
n = first in S
For each w € S
If vwn positive
then n = w;
v.next =n; v =mn;
S =5\ {v}
While v £ u
24 - 16
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COnVGX hU” ~eer 100U Buggy degenerate example

(single precision)

wy = (12,12)

o weo = (24, 24)
ws = (30, 30.000001)
wy = (23, 36)

ws = (0.5000029, 0.5000027)

Result is really wrong

24 - 17
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Sous-jacent :

le modele de calcul



Real RAM model and
Convex hull general position hypothesis

Real Random Access Memory model

Assume exact computation on real numbers

constant time for single operations: +, —, J/osin. ..

26 - 1



Real RAM model and
COnVEX hull general position hypothesis

Real Random Access Memory model

Assume exact computation on real numbers

constant time for single operations: +, —, J/osin. ..

General position hypotheses

Predicate: Input — {—1,0,1}
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Real RAM model and
COnVEX hU” general position hypothesis
Real Random Access Memory model

Assume exact computation on real numbers

constant time for single operations: +, —, J/osin. ..

General position hypotheses

Predicate: Input — {—1,\6,1}

2D convex hull: no three points colinear
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Real RAM model and
COnVEX hull general position hypothesis

Real Random Access Memory model

Assume exact computation on real numbers

constant time for single operations: +, —, J/osin. ..

General position hypotheses

Predicate: Input — {—1,\6,1}

2D convex hull: no three points colinear

possibly: no 2 points with same x
26 - 4



Convex hull

Geometric algorithms are designed and studied in
the Real RAM model.
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Convex hull

Geometric algorithms are designed and studied in
the Real RAM model.

They are implemented in a constant-word RAM model.
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Convex hull

Geometric algorithms are designed and studied in
the Real RAM model.

They are implemented in a constant-word RAM model.

Robustness i1ssues arise because
the two models are different.
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Convex hull

Geometric algorithms are designed and studied in
the Real RAM model.

They are implemented in a constant-word RAM model.

Robustness i1ssues arise because
the two models are different.

For now... keep the model in mind.

27 - 4
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Un second algorithme

(Graham scan)



Convex hull Graham algorithm

29 - 1



onvex hull Graham algorithm

sort around a point (e.g. lowest point)
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onvex hull Graham algorithm

sort around a point (e.g. lowest point)




Convex hull Graham algorithm

leftturn

— OK
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Convex hull Graham algorithm

rightturn

remove and go back
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Convex hull Graham algorithm

leftturn

— OK
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Convex hull Graham algorithm

leftturn

— " OK
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Convex hull Graham algorithm

leftturn

— " OK
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Convex hull Graham algorithm

rightturn

remove and go back
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Convex hull Graham algorithm

4

™

rightturn

remove and go back
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Convex hull Graham algorithm

leftturn

— " OK
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Convex hull Graham algorithm

leftturn

— " OK
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Convex hull Graham algorithm

4

A

4
"

rightturn

remove and go back
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Convex hull Graham algorithm

A [

A

4
"

leftturn

— " OK
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Convex hull Graham algorithm

A P

4

A

4
"

leftturn

— " OK
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Convex hull Graham algorithm

29 - 16



Convex hull \e)é\’('\J Graham algorithm

Input: point set S

u lowest point of S;
sort S around wu in a circular list including u;

V= U;

while v.next # u
if (v,v.next,v.next.next) ccw

v = v.next;

else
v.next = v.next.next; v.next.previous = v,

if v #u v =v.previous;

30 -1



Convex hull w\)\e{\’&\l Graham algorithm
(o

Input: point set S
u lowest point of S; O(n)

sort S around wu in a circular list including u;
v = U,

while v.next # u
if (v,v.next,v.next.next) ccw
v = v.next;
else
v.next = v.next.next; v.next.previous = v,
if v #u v =v.previous;
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Convex hull « \e)é\’('\J Graham algorithm

Input: point set S
u lowest point of S;

round w in a circular list including u; O(nlogn)

V= U;

while v.next # u
if (v,v.next,v.next.next) ccw
v = v.next;
else
v.next = v.next.next; v.next.previous = v,
if v #u v =v.previous;
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Convex hull \e)é\’('\J Graham algorithm

Input: point set S

u lowest point of S;
sort S around wu in a circular list including u;

V= U;

v.neazt - U

if (v,v.next,v.next.next) ccw
v = v.next;

else
v.next = v.next.next; v.next.previous = v,

if v #u v =v.previous;

30-4



\e)é\’('\J Graham algorithm

Convex hull
QQWQ

Input: point set S

u lowest point of S;
sort S around wu in a circular list including u;

V= U;

v.neazt - U

if (v,v.next,v.next.next) ccw
v = v.next;
else

if v #u v =v.previous;
c>‘\?’Q
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e o
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Convex hull m\)\@(\‘\] Graham algorithm
(o

Input: point set S

u lowest point of S;
sort S around wu in a circular list including u;

V= U;

whilelv.next % u W S
y o

else

30-6



Convex hull \)\e)k\’('\J Graham algorithm
C o™

Input: point set S
u lowest point of S;
sort S around wu in a circular list including u;

UV = U,
(@
(o *
whilejv. nea:' \! S
O a®

else

30 -7



COnVGX hU” ((\Q\@L\W Graham algorithm
(o

O(nlogn)

30 -8



31

n* — nlogn — .7



COnVEX hU” Lower bound

Problem lower bound is Q2(f(n))

Iff there is NO algorithm
solving all size n problems
using less than C'f(n) operations

Vn

C' constant independent of n

32 -1



COnVGX hU” Lower bound

Problem lower bound is €2(f(n)) in a model of computation

Iff there is NO algorithm in that model
solving all size n problems
using less than C'f(n) operations of that model

Vn

C' constant independent of n

32 -2



Sorti ng Lower bound

Input: n real (positive) numbers
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Sorti ng Lower bound

Input: n real (positive) numbers

Output: sorting permutation
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Sorti ng Lower bound

Input: n real (positive) numbers
3 Output: sorting permutation

Monitoring execution
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Sorti ng Lower bound

Input: n real (positive) numbers
Output: sorting permutation

Monitoring execution
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Sorti ng Lower bound

Input: n real (positive) numbers
Output: sorting permutation

Monitoring execution
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Sorti ng Lower bound

Input: n real (positive) numbers

Output: sorting permutation

\/

Yes No
o Monitoring execution
9, 9,

CERORORL
O <0 O£ 00 <%
OO0 <0 0OC

O QU
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Sorti ng Lower bound

Input: n real (positive) numbers

Output: sorting permutation

\/

Yes No
0 Monitoring execution
@ © ff leaves > i permutations
CEROEROLE:

O <0 O£ 00 <%
OO0 <0 0OC

O QU
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Sorti ng Lower bound

Input: n real (positive) numbers

Output: sorting permutation

\/

Yes No
0 Monitoring execution
@ D ff leaves > i permutations

There are n! permutations
> O O P

O <0 O£ 00 <%
OO0 <0 0OC

O QU
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Sorti ng Lower bound

Input: n real (positive) numbers

Output: sorting permutation

\/

Yes No
0 Monitoring execution
@ D ff leaves > i permutations

There are n! permutations
> O O P

DO O OO0 & Tree height is at least log, ff leaves

OO0 K0 0OC

O QU
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Sorti ng Lower bound

Input: n real (positive) numbers

Output: sorting permutation

\/

Yes No
0 Monitoring execution
@ D ff leaves > i permutations

There are n! permutations
> O O P

DO O OO0 & Tree height is at least log, ff leaves

OO0 K0 0OC

O QU
33-10

f comparisons < log, n! >~ nlog, n



COnVEX hU” Lower bound

Input: n 2D points (real coordinates)

Output: list of points along the convex hull

34 -1



COnVEX hU” Lower bound

A stupid algorithm for sorting numbers

00 —0—0 0 00—

34 -2




COnVGX hU” Lower bound

project on parabola
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COnVGX hU” Lower bound

project on parabola

compute convex hull
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COnVGX hU” Lower bound

project on parabola

compute convex hull

find lowest point
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Convex hull

34 -6

Lower bound

project on parabola
compute convex hull

find lowest point

enumerate x coordinates
in ccw CH order



COnVGX hU” Lower bound

O(n) project on parabola
f(n) compute convex hull

O(n) find lowest point

O(n) enumerate x coordinates
in ccw CH order

Lower bound on sorting

— f(n) + O(n) > Q(nlogn)
34 - 7



COnVGX hU” Lower bound

O(n) project on parabola
f(n) compute convex hull

O(n) find lowest point

O(n) enumerate = coordinates
in ccw CH order

Lower bound on sorting

— f(n) > Q(nlogn)
34 - 8



35

Et en 3D 7



COnVGX h u ” Three dimensions

Euler relation

Polytope boundary
oS
&’

qe‘&\c @6%66 ¢
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Convex h u ” Three dimensions

Euler relation

Polytope boundary

\C S S
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// 8 — 12 + 6 =2
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COnveX h u ” Three dimensions

Euler relation

Polytope boundary
oS
&’

Xe S
qe‘&\ @6%6 ¢
S — 12 + 6 = 2

4 — 6 + 4 = 2
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Convex hull

Euler relation

Polytope boundary

36 -4

Three dimensions
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8 — 12 + 6 = 2
4 — 6 + 4 =2
+1—- +1 + 0 = =40



Convex h u ” Three dimensions

Euler relation

Polytope boundary
\C S S
qe“\ @6%6 <<’a°e

8 — 12 +6 =2
4 — 6 +4 =2

+1— +1 +0 =40
0 — +1 + +1 =40
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Convex h u ” Three dimensions

Euler relation

Polytope boundary
\C S S
qe“\ @6%6 <<’a°e

8 — 12 +6 =2
4 — 6 +4 =2

+1— +1 +0 =40
0 — +1 + +1 =40

36 -6



COnVGX h u ” Three dimensions

Euler relation

Polytope boundary
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COnVGX h u ” Three dimensions

Euler relation

Polytope boundary

triangular faces 3f = 2e

36 - 8



COnVGX h u ” Three dimensions

Euler relation

Polytope boundary

n — e + f =2
triangular faces 3f = 2e

f=2n—4

e=3n—06
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COnVGX h u ” Three dimensions

linear size

O(nlogn) divide and conquer algorithm

O(nh) gift wraping algorithm

37






