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équipe Mocqua, CNRS, Inria, Université de Lorraine - LORIA
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Research

Fields

I Implicit computational complexity (2004-2020)

I Quantum programming (2018-2020)

I Concurrency (2008-2010), Virology (2011-2013), Boolean algebra (2016-2019)

Scientometrics:

I 7 MSc students, 2 PhD students, 1 Postdoc

I Author of 8 journal, 19 conference, and 14 workshop papers with 18 coauthors

I Member of 4 ANRs, 1 ACI, 2 associated teams, and 1 European project

I PC member of 5 international workshops

I Reviewer of more than 50 papers for 7 journals, 11 conferences, and 4 workshops
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Teaching

Fields

I Programming Languages (Java, Scala, Caml)

I Computational models and logic

I Databases

I (Implicit) Computational Complexity

Some details:

I around 240 HETD a year (2009-2018)

I all levels: from L1 to M2

I experts and non-experts in CS

I IDMC, Telecom Nancy, IAE, FST, CLSH, DEG, IGA Casablanca, IGA Rabat
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Astronomical metaphor
Computational Complexity (CC) studies problems/functions wrt resource usage.

The Universe of
mathematical functions

The Galaxy of
computable functions

The Planet of
tractable functions

Assume Cobham-Edmonds thesis: tractable/feasible = polynomial time.
(Images: NASA)
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Implicit computational complexity (ICC)

ICC: subfield of CC that aims at providing characterizations of complexity classes:
I machine-independent
I with no prior knowledge on the complexity analyzed codes

I.e. ICC provides automatic static complexity analysis methods for high level PL.

State of the art:

I 30 years of intensive research,

I hundreds of publications,

I some academic tools (AproVe, TcT,
Costa, ComplexityParser, Speed, ...)
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A bunch of classes and languages

Some of the studied classes C

I P, FP,

I PSPACE, FPSPACE,

I EXP, 2-EXP, . . ., ELEMENTARY,

I NP,

I NC0, NC1, . . ., NC

I PP, BPP, EQP, BQP, . . .

Given a PL L and a complexity class C,
R ⊆ L is an ICC criterion if:

{JpK | p ∈ R} = C

Some of the studied PLs L

I lambda-calculi,

I term rewrite systems,

I process calculi,

I reactive programs,

I imperative and OO programs,

I probabilistic and quantum programs.
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A bunch of techniques (1/2)

Some of the main families

I function algebra: [Clote99] for a survey

I linear logic based approaches
I light logics: LLL [Girard87], LAL [Asperti98], DLAL [Baillot-Terui04],
I soft logics: SLL [Lafont04], STA [Gaboardi-Ronchi Della Rocca07],
I non size-increasing [Hofmann99].

I “potential” based methods
I quasi-interpretations [Bonfante-Marion-Moyen11], sup-interpretations

[Marion-Péchoux09], higher-order interpretations [Baillot-Dal Lago16],
I amortized resource analysis: [Jost et al.10], [Hoffmann-Hofmann10],
I sized-types: [Vasconcelos08], [Avanzini-Dal Lago17] ,
I cost semantics: [Danner et al.15].
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A bunch of techniques (2/2)

Some of the main families

I control flow techniques:
I safe recursion [Bellantoni-Cook92],
I ramified reccurence [Leivant-Marion94],
I tiering [Marion11],
I read-only/write-only: [Jones01], [De Carvalho-Simonsen14].

I matrix-based type systems:
I µ-measure [Niggl-Wunderlich06],
I mwp bounds [Kristiansen-Jones09], resource control graphs [Moyen09].

I empirical approaches (some of them using abstract interpretations): COSTA
[Albert et al.07], SPEED [Gulwani09], TcT[Avanzini-Moser-Schaper16].
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Strong commonalities: principle

Tractable functions

Characterized by all techniques by preventing exponentiation,
i.e. by preventing the iteration of methods duplicating the size of its input.

Example (Preventing iteration of doubling functions)

I Preventing “duplicating” functions from being iterable:
I !A( §A in LAL,
I 1→ 0 in tiering,
I Read-Only→Write-Only in Jones/Simonsen

I


. . .

P
. . .

 in mwp (whereas


. . .

M
. . .

 is required for iterability).

I Bounding the size by a polynomial potential: P(|x |) ≥ |doublen(x)|
I interpretations, amortized resource analysis.
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Strong commonalities: intensional limits

Definition [Intensional completeness]

A characterization is intensionally complete if any tractable algorithm computing this
function is accepted.

A first result [Hajek79]

Providing an intensionally-complete characterization of tractable functions is a
Σ2

0-complete problem.

However, for automation purpose, the studied characterizations are decidable (even
better tractable).

Observation

Hence there are false negative.
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Beyond the planet: extensions of ICC

Improve intensionality Extend paradigms

Adapt techniques

Image: Camille Flammarion (1888), colors: Hugo Heikenwaelder (1998) CC-BY-SA 2.5
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Some of these extensions

Example (Intensional improvements)

I Soft Type Assignment
[Gaboardi-Ronchi Della Rocca07]

I Dual Light Affine Logic
[Baillot-Terui04]

I Sup-interpretations
[Marion-Péchoux09]

Example (Adaptations)

I Tiering and imperative programs
[Marion11, Marion-Leivant13]

I Interpretations and HO programs
[Baillot-Dal Lago12]

Example (Extensions)

I Concurrent systems
I Light logics and multi-threads

[Amadio-Madet11]
I Soft logics and processes

[Martini-Dal Lago-Sangiorgi16]

I Probabilistic programs:
[Avanzini-Dal Lago-Ghyselen19]

I Quantum programs
[Dal Lago-Masini-Zorzi10]

I Real functions
[Bournez-Gomaa-Hainry11]

I Coinductive data
[Gaboardi-Péchoux15]
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My main contributions to the field

Intensional improvements:

1. Introduction and study of sup-interpretations [Marion-P.09, P.13].

Extensions to other paradigms:

2. Extensions of interpretations to:
I Codinductive data [Gaboardi-P.15, Férée-Hainry-Hoyrup-P.10]
I Object-oriented programs [Marion-P.08]
I Higher order programs [Hainry-P.17]

3. Extensions of tiering to:
I Fork processes [Hainry-Marion-P.13]
I Multi-threads [Marion-P.14]
I Object-oriented programs [Hainry-P.18]

4. Extensions of light affine linear logic to coinductive data [Gaboardi-P.15]
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1. Sup-interpretations
In the setting of Term Rewrite Systems...

(quasi-)interpretations

I a potential based technique:

for any rule l → r , [l ] ≥ [r ]

I the potentials decrease along reduction:
t1 → t2 → . . . → tn

[t1] ≥ [t2] ≥ . . . ≥ [tn]

I drawbacks: technical requirements
I subterm property
I strict monotony

sup-interpretations [Marion-P.06&09]

I alleviate the technical requirements.

if t →! v then [t] ≥ v

I more intensional tools working:
I on divide-and-conquer algos
I on sublinear algorithms

I ... at the obvious price of more
undecidability
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Some results on sup-interpretations

I Characterizations of several complexity classes:
I Alogtime [Bonfante-Marion-P.06]
I NCk classes [Marion-P.08]
I intensional characterizations FP and FPSPACE [Marion-P.08] using RPO

I Combination with termination techniques (other than RPO):
I size-change principle by Lee-Jones-Ben Amram [Marion-P.09]
I dependency pairs by Arts-Giesl [P.13]

I Studies of the synthesis problem:
I decidable on some fragments [P.13]
I improved using modularity [Bonfante-Marion-P.07]
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2. Extensions of interpretations

I Object-oriented programs
I possible using sup-interpretations
I [x .setY (z)] ≥ [x [y := z]]
I FP characterized in [Marion-P.08]

I Coinductive data (streams)
I streams as type-2 interpretations
I polynomial space/polynomial modulus of continuity studied in [Gaboardi-P.15]
I BFF and P(R) characterized in [Férée-Hainry-Hoyrup-P.15]

I Higher-order programs
I BFFi , forall i ≥ 1, characterized in [Hainry-P.17]
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3. Tiering as a non-interference property
I Normal /tier 1 data drive recursion/iteration and do not increase.
I Safe /tier 0 data may increase and do not drive recursion/iteration.

Safe-recursion [Bellantoni-Cook92] and ramified recurrence [Leivant-Marion93] as a
non-interference principle [Marion11] where only flows from 1 to 0 are allowed.

f ( i(x) ; y ) = hi ( x ; f ( x ; y) )

Example (double : → )

int y := x ;

while( x > 0){

y =y+1;

x = x-1;

}return y;
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Extensions of tiering

1. Fork processes [Hainry-Marion-P.13]
I a parallel setting with a polynomial number of processes
I an extra tier −1 (no accumulation)
I a characterization of FPSPACE

2. Multi-threads [Marion-P.14]
I a concurrent setting with a constant number of threads
I a fair scheduling policy
I a characterization of FP

3. Object-oriented programs [Hainry-P.18]
I with methods and a polynomial number of objects
I a characterization of FP
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4. Light logics and coinductive data

Definition [A notion of weakly final coalgebra in the LALC]

An F -coalgebra (A, a) is weakly final under § if for every F -coalgebra of the form
(B, f ) there exists an F -coalgebra (§B, g) and h : §B → A st the diagram commutes:

A

a

��

§Bhoo

g

��

§f

$$
§F (B)

RFzz
F (A) F (§B)

F (h)
oo

We require the existence of RF : §F (B)( F (§B)

R. Péchoux HDR defense Complexité implicite : bilan et perspectives 23/34



Curriculum Vitae The essence of Implicit Computational Complexity Contributions to the field Open problems and new perspectives

LALC extended with distributions

M, N ::= . . . | dist §〈x : τ1, y : τ2〉 = M as z = 〈§x, §y〉 in N

| dist §injτ⊕τ ′i (x) = M as z = inj
§τ⊕§τ ′
i (§x) in N.

Proposition

For any functor F built by:

F (X ) ::= 1 | X | A | §F (X ) | F (X )⊗ F (X ) | F (X )⊕ F (X ),

with A is a closed type for which it exists a closed term of type §A( A, RF exists.

Theorem [Gaboardi-P.15]

The calculus is sound and complete for polynomial time.

→ We have a notion of stream for any finite type.
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A summary of my ICC work

I 15 years of research: 2005-2020 (this is not over :p)

I 6 journal papers and 16 conference papers with 10 coauthors

I Mostly studying 3 distinct ICC techniques:
I interpretations
I light logics
I tiering

I Applied to several programming paradigms

I Development of a tier based tool Complexity-Parser [Hainry-Jeandel-P.-Zeyen19]

https://gitlab.inria.fr/complexityparser/complexityparser
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Open problems
and perspectives

4. Proba
and quantum

paradigms

3. Com-
bination

with other
techniques

2. A
tractable
theory for

real functions

1. A
tractable
theory at

type 2
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Goal 1: a decidable type theory for type-2 polynomial time

Goal 1

Find a tractable ICC criterion R such that {JpK | p ∈ R} = BFF

Make use of the new characterization in [Kapron-Steinberg18] based on OTM:

I MPT = OPT with a bounded number of oracle input increase

I SPT = OPT with a bounded number of oracle output increase
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Partial solution to goal 1 in 2020

PL with oracles and tier-based type system

E ::= x | true | false | op(E , . . . ,E ) | φ(E � E)

I ::= [x:=E ]; | I I | while(E ){I}| if(E ){I}else{I}

Let ST be the class of functions computed by typable and terminating programs.

Theorem [Hainry-Kapron-Marion-P.20]

ST1 = FP and λ(ST)2 = BFF

Goal 1bis

How to get rid off the lambda closure?
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Goal 2: a PL for feasible computations over the reals

Problem 2

Find a decidable ICC criterion R such that {JpK | p ∈ R} = P(R)

A characterization was provided in [Férée-Hainry-Hoyrup-P.] but it is not decidable
(based on type-2 polynomials).

Make use of a linear logic based approach ensuring:

I productivity of the coinductive data

I polynomial time normalization of the inductive data
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Partial solution to goal 2 in 2020

A variant of the parsimonious calculus [Mazza-Terui15]

t, u, u1, ... ::= a | xi | λa.t | t u | t ⊗ u | t[a⊗ b := u] |
t :: u | t[!x := u] | !f (u0, . . . , uk) | nstrmn

with f : N→ {0, . . . , k}

Theorem [Hainry-Mazza-P.20]

The set of functions f : [−1, 1]→ [−1, 1] computed by uniform parsimonious contexts
on stream of signed binary digits is is exactly P([−1, 1]).

Goal 2bis

How to get rid of contexts?
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Goal 3: pursue the combinations with other PL techniques

Goal 3

Combine/compare the tier-based techniques with:

I sized types [Avanzini-Dal Lago17, Baillot-Ghyselen18]

I non-idempotent intersection and union types [Kesner-Vial17]

I contextual equivalence techniques (environmental bisimulation by
[Koutavas-Levy-Sumii11])

I comparison between tiering and read-only/write-only discipline [De
Carvalho-Simonsen14]
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Goal 4: towards quantum computing

Goal 4

Several open issues to study for complexity analysis of quantum programs:

I Adapt existing tools for reasoning about probabilistic complexity classes
(average time [Avanzini-Dal Lago-Ghyselen19, Avanzini-Moser-Schaper20])

I Can we adapt the tier-based approach as in:
I [Dal Lago-Masini-Zorzi10]
I [Yamakami17]

I Entanglement as a resource: Is the standard notion of input size still relevant? /
What is the role of entanglement?
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Thank you for your attention !

More details in the HDR document, available at
https://members.loria.fr/RPechoux/.
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