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A binary decision problem

Do A and B intersect?
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Related work

- Spheres: 1interval test [Folklore]
- Axis-aligned boxes: 3 interval tests [Folklore]
- Oriented boxes:

Separating Axis Test [Gottschalk, Lin and Manocha 1996]
- Polytope and axis-aligned box:

preprocessed silhouettes [Greene 1994]
- Ellipsoids [Eberly 2008]
- Zonotopes [Guibas et al. 2003
- With motion [Guibas, Kim, Manocha et al..
- Any polyhedra (GJK) [Gilbert, Johnson and Keerthi 1988]
- Any convexes (GF/GJK) [Gilbert and Foo 1990
- Improvements to GJK [van der Bergen 1999, Cameron 1997]
- Books [Ericson 2004, Eberly 2008]
- Survey [Jiménez et al. 2001]
- Theory for polyhedra [Barba and Langerman 2015
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4.3

- Shape agnostic
- Same mild assumption
- |terative

- In general, a bit faster, fewer iterations
- Numerically more robust

- Easier to understand

- Easier to implement (even exactly)

Our contribution “DSS" (Decision Sphere Search)

DSS is a new technique for testing any 2 convex shapes

DSS is similar in spirit to GF/GJK

Drop-in
replacement for
Decision-GJK!

DSS has advantages



Plan

Problem reduction & tools
The DSS algorithm
Theoretical comparison of GF/GJK and DSS

Practical comparison



6.1

Reduction to a single convex shape

Minkowski difference: A© B ={a—b |a € A,b € B}
=A@ (—B)
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Reduction to a single convex shape

d(A, B)
(ANB) =0

__________

<~

d(o,A S B)
0 & (AO B)
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Reduction to a single convex shape

d(o,A S C)
0 € (AOC)
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Reduction to a single convex shape
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Tools
S the unit sphere; n a direction in S P a convex shape.
The support function hp : S* — R, n+— max(x-n)
xe&P
The extremal function  Yp:  §* - R*  n+— argmax(x-n)
x&P
n__,




7.2
Tools

S the unit sphere; n a direction in S P a convex shape.

The support function hp : S* — R, n+— max(x-n)
x&P

The extremal function  YXp: §* - R*  n+ argmax(x-n)
xecP
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Tools
S the unit sphere; n a direction in S P a convex shape.
The support function hp : S* — R, n+— max(x-n)
xe&P
The extremal function Y, : S - R?  n+argmax(x-n)
x&P

EA@B (n) — EA (n) — ZB (—n)
Computablein O(|A| + |B|) time (without building A © BY)
hp <n> < 0
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DSS idea

0 ¢ P < Joriented tangent plane separating o and P
& dneS% hp(n) <0

0O @
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DSS idea

0 ¢ P < Joriented tangent plane separating o and P
& dneS% hp(n) <0
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DSS idea

0 ¢ P < Joriented tangent plane separating o and P
& dneS% hp(n) <0

n /
n
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8.4

The separating set

DSS idea
Sep(P) ={n €S° | hp (n) < 0}:

0ZP < Sep(P)#1(

Idea: find a direction n € Sep(P)
or decide that Sep(P) is empty.

7 N\
4 \




Examples of separating sets when P = A © B
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Computing separating sets

Definext = {ne€S? | n-x< 0}




10.2
Computing separating sets

Definext = {ne€S? | n-x< 0}

Sep({x}) = x*
Sep(XUY) = Sep(X)NSep(Y)
Sep(H(X) Sep(X)

) =
XCY = Sep(Y) C Sep(X)




10.3
Computing separating sets

Definext = {ne€S? | n-x< 0}

Sep({x}) = x*
Sep(XUY) = Sep(X)NSep(Y)
Sep(H (X)) Sep(X)
XCY Sep(Y) C Sep(X)

IfP=H (Vi = {vo, vy, ..., Ux}) then

Sep(H(Vi)) = [ v}

1=0




10.4
Computing separating sets

Definext = {ne€S? | n-x< 0}

Sep({x}) = x*
Sep(XUY) = Sep(X)NSep(Y)
Sep(H (X)) Sep(X)
XCY Sep(Y) C Sep(X)

IfP=H (Vi = {vo, vy, ..., Ux}) then
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\/ A convex spherical polygon
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DSS wheno & P

Maintain a search polygon S; on S° as a superset of Sep(P):

S; = Sep (131 — H({UOa Uly « -+ Ui})) — ﬂ;;:o Ui
131' C P= SEp(P) C Si

)
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DSS wheno & P




1.3

DSS wheno & P

Up < Zp (n]);
hp (Tl]) Z 0

eUp
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DSS wheno & P

Up < Zp (nl);
hp (Tl]) Z 0
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DSS wheno & P

Us < Ep (ng);
hp (ng) Z 0

SZ
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DSS wheno & P

Us < Ep (nz);
hp (Tlg) Z 0
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DSS wheno & P

Ug < Ep (ng);
hp (n3) Z 0

SZ
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DSS wheno & P

Uz < Zp (ng),
hp (Tlg) Z 0
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DSS wheno & P

Uy < Zp (n4),
hp (n4) <0

néﬂ Uéﬂvliﬂvéﬂvi
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DSS wheno & P

Uy < Zp (n4),
hp (n4) <0

We conclude thato &€ P

néﬂ U%ﬂvliﬂvéﬂvi
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DSSwheno € P

SZ




12.2
DSSwheno € P

SZ




12.3

DSS wheno € P

Us < Ep (nz);
hp (ng) Z 0




12.4

DSSwheno € P




131
Comparing DSS and GJK

DSS is optimized for yes/no.  GJK is optimized to compute a distance.

1: function DSS_or GJK (P, P)

2 n < a direction in the separating set of P

3: Uit < dip (I’l)

4 ifhp (n) < Othenreturn“o ¢ P”

5 Pi+1 < better approximation of P using P; and Uit
6 if o € 13i+1 then return“o € P”

7

return DSS_or GJK(P, 15i+1)
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Comparing DSS and GJK

DSS is optimized for yes/no.  GJK is optimized to compute a distance.

1: function DSS_or GJK (P, P)

2 n < a direction in the separating set of P

3: Uit < dip (I’l)

4 ifhp (n) < Othenreturn“o ¢ P”

5 Pi+1 < better approximation of P using P; and Vit
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Comparing DSS and GJK

DSS is optimized for yes/no.  GJK is optimized to compute a distance.

1: function DSS_or GJK (P, P)

2 n < a direction in the separating set of P

3: Uit < dip (I’l)

4 ifhp (n) < Othenreturn“o ¢ P”

5 Pi+1 < better approximation of P using P; and Uit
6 if o € l~3i+1 then return“o € P”

7

return DSS_or GJK(P, 15i+1)
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Comparing DSS and GJK

DSS is optimized for yes/no.  GJK is optimized to compute a distance.

1: function DSS_or GJK (P, P)

2 n < a direction in the separating set of P

3: Uit < dip (I’l)

4 ifhp (n) < Othenreturn“o ¢ P”

5 Pi1; < better approximation of P using P; and vj
6 if o € 13i+1 then return“o € P”

"

return DSS_or GJK(P, 131+1)
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Comparing DSS and GJK

DSS is optimized for yes/no.  GJK is optimized to compute a distance.

- DSSuses P; = H ({vo, v, ..., Ui}) (better for decision).
GJK has |P;| < 4 (better for the actual distance).

1: function DSS_or GJK (P, P))

2 n < a direction in the separating set of P

3: Uit < dip (n)

4 ifhp (n) < Othenreturn“o ¢ P”

5 Pi+1 < better approximation of P using P; and Uit
6 if o € 13i+1 then return“o € P”

7

return DSS_or GJK(P, 15i+1)
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Comparing DSS and GJK

DSS is optimized for yes/no.  GJK is optimized to compute a distance.

uses P; = H ({vo,v1,...,Ui}) (better for decision).

has |P;| < 4 (better for the actual distance).

- DSS: Sjq <= SN Uh] (~ planar 2D polygon clipping).
GJK: K < point of P; closest to o; Py + {f(K) U {vig}}

(complex code / numerical issue).

1: function DSS_or GJK (P, P))

2 n < adirection in the separating set of P;

3: Uit1 < 2p (n)

4 ifhp (n) < Othenreturn“o ¢ P”

5 Pi+1 < better approximation of P using P; and Vit
6 if o € 13i+1 then return“o € P”

7

return DSS_or GJK(P, 15i+1)
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Comparing DSS and GJK

DSS is optimized for yes/no.  GJK is optimized to compute a distance.

uses P; = H ({vo,v1,...,Ui}) (better for decision).

has |P;| < 4 (better for the actual distance).

2 Sit1 < Si N Ul-ﬁ] (~ planar 2D polygon clipping).

: K < point of P; closest to o; P+ {f(K) U{vin}}
(complex code / numerical issue).

. DSS:o €EP; =S, =10 (trivial to test).
GJK: 0 € P;? by-product of previous step (numerical issue).

1: function DSS_or GJK (P, P))

2 n <— adirection in the separating set of P;

3: Uit1 < 2p (n)

4 ifhp (n) < Othenreturn“o ¢ P”

5 15i+1 < better approximation of P using P; and Uit
6 if o € 13i+1 then return“o € P”

7

return DSS_or GJK(P, 1~Ji+1)
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Benchmarks

- Randomly generated shapes while controlling collision density
- Plot average # of tested-pairs-per-second v.s. density
- Plot average # of iterations v.s. density

Several kind of shapes:
- tetrahedra
- oriented boxes
- polytopes with 16 vertices
- polytopes with increasing size (@ 50 % collision density)
- frustum culling axis-aligned boxes
- frustum culling spheres
- hybrid algorithm
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# pairs per second

Avg # iterations per pair
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Collision density
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# pairs per second

Oriented boxes
Testlng palrs of orlented boxes LOG LOG dlagram

Collision density
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Thank you

C++ code, benchmark script & figure script:
https://github.com/horasio/intersection-detection

The paper on HAL:
https://hal.inria.fr/hal-01522903



18
How many iterations?
If we assume that we are able to find a centerpoint n of a convex
spherical polygon S efficiently. Then, there exists a constant 1 > 1

suchthatn-v > 0 = area(SNuvt) < area(S)/p.
After the k-th iteration, if a decision has not yet been reached, the

search polygon S, must still contain Sep(A © B).
Thus, area(Sep(A © B)) < area(Sy) < 2mu~—*.

This implies
211

H area (Sep(A © B))

gy =

k < log
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Infinite loop

L

3 4 18 19

Histogram of the number of iterations

20




More about the separating set

“({ph) = p
Sep(XU Y) = Sep(X)NSep(Y)
Sep(H(X)) = Sep(X)
XCY = Sep(Y) C Sep(X)
VA > 0,S5ep(AX) = Sep(X)
Sep(P ﬂ D S(P) = ﬂ st
peP sé€sil(P)
Let Vi = {vp, Uy, . . ., Ux} and Z the indices of the silhouette
vertices of H (V).
k
Sep(H(Vi)) = [ v} Sep(H(Vi)) = () vt
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How to compute d(o, Polyhedron)?

Without pre-processing:
1. Compute the position of o w.rt. each face of P.
2. Conclude.
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How to compute d(o, Polyhedron)?

Without pre-processing:
1. Compute the position of o w.rt. each face of P.
2. Conclude.

Complexity too high: |A & B| = O(|A| X |B|)
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GJK for computing d(o, Polyhedron)



22.2
GJK for computing d(o, Polyhedron)

GJK uses a simplex P; C PasaproxyforP,i =0,1,2, ...

1. If o € P;, conclude that d(o, P) = 0.
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GJK for computing d(o, Polyhedron)

2. Otherwise, compute K, the point of P; closest to the origin.
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GJK for computing d(o, Polyhedron)

3.n < —V(Pi)
Ui+ < Zp (n)

Ifvi - Ki = |Ki|° //i.e. K; can not move closer to o
then we conclude that d(o, P) = |K;|

Ui+
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GJK for computing d(o, Polyhedron)

4. Otherwise, build 15i+1 from P; and Uit
Piy1 < H([U{vig})
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GJK for computing d(o, Polyhedron)




22.7
GJK for computing d(o, Polyhedron)

d(o, P) is found
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GJK for decidingiif o € P
n <— —Kl, Uit < Zp (n),

If vig, - Kl\\%%\\I\K\A\R\> 0 thenwe haveo & P
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DSS VS GJK

1: function DSS_or GJK(P, P))

2 n <— a direction in the separating set of P

3 Ui < 2p(n)

4 if hp (n) < Othen return“o & P”

5 Pi11 < better approximation of P using P; and vy,
6 if o € 13i+1 then return “o € P”

7

return DSS_or GJK(P, Pi1,)
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DSS VS GJK

1: function DSS_or GJK(P, P)

2 n <— a direction in the separating set of P,

3: Uitl < dip (n)

4 if hp (n) < Othen return“o & P”

5 Pi11 < better approximation of P using P; and vy,
6 if o € 13i+1 then return “o € P”

7

return DSS_or GJK(P, Pi1,)

In both GJK and DSS:
- Pp={ug} CP
- Vertices computed at line 3 form V; = {vg, vy, ..., u; }




24.3
VS GJK

1: function DSS_or GJK(P, p;)

2 n < a direction in the separating set of P
3 Uip — 2Xp (n)

4 if hp (n) < Othenreturn“o & P

5

6

7

f’i+1 < better approximation of P using P; and Vit1
if o € Py, then return“o € P”

return DSS_or GJK(P, Pi11)

The polyl;edron P, GJK

(©ss>

P = H(V;) not stored
S; = Sep(P;) stored

Best possible approximation
P; C Piyy

g _
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VS GJK

1: function DSS_or GJK(P, P)

2 n < a direction in the separating set of P
3 Uip — 2Xp (n)

4 if hp (n) < Othenreturn“o & P

5

6

7

f’i+1 < better approximation of P using P; and Vit1
if o € Py, thenreturn“o € P”

. return DSS_or GJK(P, Pi1)
@ Testifo € P;y7 GJK

point-in-tetrahedron test

& S =10 complex code
trivial to test numerically sensitive

(15i+1 ~ flat tetrahedron)
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VS GJK

1: function DSS_or GJK(P, P)

2 n < a direction in the separating set of P;
3 Uipr — 2p (n)

4 if hp (n) < Othenreturn“o & P

5

6

7

f’i+1 < better approximation of P using P; and Vit1
if o € Py, then return“o € P”

. return DSS_or GJK(P, P;1)
@ Pick a direction n € Sep(P;) GJK

closest point on tetrahedronto o

average of vertices in S;
(best: centerpoint) product of code from line 6 in

previous iteration
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VS GJK

1: function DSS_or GJK(P, P)

2 n < a direction in the separating set of P
3 Uip — 2Xp (n)

4 if hp (n) < Othenreturn“o & P

5

6

7

13i+1 <— better approximation of P using 131 and v
if o € Py, then return“o € P”

return DSS_or GJK(P, Pi1,)

(DSS) (c:m\puEe Py GJK

Update S; 1 by
2D (spherical) polygon clipping
(careful with the lunes)

Sit1 €= Si Ui¢—|—1 P = H{TU v )

g _

Update P; by
selecting f C P; f| <3
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