Rewriting rules for the encoding of TLA+ into

first-order logic

This document lists the collection of rewriting rules applied during the pre-
processing phase of the translation from (boolified) TLA™ to unsorted and
many-sorted first-order logic. This list is not comprehensive; trivial rules such
as £ A TRUE — z are omitted. All the rewriting rules were encoded and

mechanically verified in Isabelle/ TLA™.

Notation: the expression [h; — €;];:1 .., abbreviates [k — e1,..., hy > €]
and [h; : e;];.1 . abbreviates [hy @ e1,..., hy @ eg].
1 First-order logic and choose operator
Ve:z € {er,...,en} = plx) — pler) A... Ap(en) (z ¢ FV1.p)
Jdr:z € {61,.. sent Ap(z) — ple) V... Vp(e,) (z ¢ FV1.p)
Vze{ye S:q(y)}:plx) —Vz€S:q(x)=p)
dre{y€S:q(y)}:ple) — Iz € S:q(x)Ap(z)
Yy = CHOOSE z: P(z) — (Jz: P(z)) < P(y)

where FVi_, = FV(e1)U...UFV(e,)).

2 Set theory

z € {} — FALSE
ze{en,...,en}—x =€ V...
re€{yeS:ply) —z€S5Apx)
S ESUBSET T —Ve:ze€S=2€T
£ EUNION § — 3T : Te SAze T

VI=e,

rE€e.eg—xelnthe <zAzx<ey

¢S ——(zes)

SCT —Vex:zeS=zeT
reeUe —x€epVr € e
rEeNe —rTEENT E e
x€e \ea—x € e A(z € e)



Instances of set extensionality:

S={}—Vz:-(z€9)

S={e,...,en} —Ve:ze€SSr=V..Ve=e¢,
S=SUBSET T —Vr:2ze S Vy: ycao=yeT)
S=UNION T —Vz:ze€ S @Fy:ye T Az €y)

S={zeT:plx)} —Vr:zeSezec TAp)
S={e(y):ye T} —Ve:zeS<Fy:ye Thrz=e(y))
S=TUU —Ve:zeSsrxeTVezel
S=TNU —Ve:zeSsrxecTrhzel

S=T\U—Ve:zeSeszecTA(xel)
Ve:zeSsoreTlT —S5S=T

8 8 8 8 8 8 8 8

3 Functions

[z € S+ e(z)][a] — IF a € S THEN e(a) ELSE w([z € S — e(2)],a)
[f EXCEPT ![z] = y][a] — IF o € DOMAIN f
THEN (IF = a THEN y ELSE «(f, a))
ELSE w([f EXCEPT ![z] = y], a)
DOMAIN [z € S+— ¢e] — S
DOMAIN [f EXCEPT ![z] = y] — DOMAIN f

fe[S— T]— A isAFen(f)
A DOMAIN f = §
AVz e S:a(f,z) e T
9 EXCEPT [a] = b] € [S = T] — A isAFcn(g)
A DOMAIN g = §
Na€elS
ANbeT
AVz € S\{a}:a(f,z)e T
[TeS —e)|elS—>T—ANS=S5
ANVz e S:e(z)eT
isAFcen([x € S — €]) — TRUE
isAFen([f EXCEPT ![z] = y]) — TRUE



Instances of extensionality:
e(z):Bool .
f=lzeS—elx) = AisAFen(f)
A DOMAIN f =S
AVz € S:a(f,r)’ < e(z)
f=lz €S~ e(z)] — NisAFcen(f)
A DOMAIN f = §
AVz € S:a(f,z) = e(z)

g = [f EXCEPT ![a] = 0] bBogl A isAFcn(g)

A DOMAIN f = DOMAIN g¢
A a € DOMAIN g = a(g,a)’ < b
A Vz € DOMAIN f \ {a} : a(g,z) = af,z)
g = [f EXCEPT l[a] = b] — A isAFcen(g)
A DOMAIN f = DOMAIN g
A @ € DOMAIN ¢ = a(g,a) =b
A Vz € DOMAIN f \ {a}: a(f,z) = a(g, z)

[zeS—e(x)=reT—dx) —S=TAVreS:e(z)=d(z)

4 TIf-then-else

t,u:Bool . .
IF ¢ THEN { ELSE 4 ——= c¢=tA—c = u (when c is a variable)

t,u:Bool
IF ¢ THEN ¢ ELSE u —— Jz:(z & c)Ac=tA-c=u

T ®IF ¢ THEN ¢ ELSE f — IF ¢ THEN T ® ¢ ELSE z ® f
f[IF ¢ THEN ¢ ELSE u] — IF ¢ THEN f|[t] ELSE f[u]
O1(IF ¢ THEN ¢ ELSE u) — IF ¢ THEN O;(t) ELSE O (u)

where z is a term, ® is an infix binary TLA™ operator such as =, € , =, A, <,
+, or <, and Oy is a prefix unary TLA™ operator such as =, DOMAIN, SUBSET
or UNION.

5 Tuples and records

(e1,...,en)]i] — € (when i € 1..n)
teS x...x 8, — NisAFcen(t)
ADOMAIN t=1..n
Aa(t,l)e St A ... Na(t,n) € S,



[hz — ei]izlnn.hj — € WheIlj €l.n

[r EXCEPT L.h; = €].hg — IF “h;” = “hy” THEN e ELSE 7r.hy
r.h — r[“h”]
r € [hi: Silin..n — N isAFen(r)
A DOMAIN r = {*hy”,..., “h,"}
Aa(r,“hy”) € Sy A Aa(r,“hy) € S,
[hz — ei]i:l..n S [f] : Sj]j:l..m — A {“hlwa LR “hn”} - {“fl”a ) “fm”}

ANNei €5 when h; =f;,i€l.n,jel.m

DOMAIN () — {}
DOMAIN [h; = €;]i1.n — {“h1”, ..., “hy"}
DOMAIN (e1,...,e,) — 1..n
DOMAIN [r EXCEPT l.h = e] — DOMAIN r

Instances of extensionality:

t={(e1,...,en) — A isAFcen(t)
A DOMAIN t = 1..n
A Ne,:Bool (1 i)t e
A /\eI:U Oé(t, Z) =&
T=5X...x8, —Vz: zeT&AisAFen(x)
A DOMAIN z = 1..n
Aa(z,1) €Sy A ... Na(z,n) €S,

r=[hi = eli1.n — N isAFen(r)
A DOMAIN 7 = {“hy”,..., “h,"}
A “hy” € DOMAIN 7 A...A “h,” € DOMAIN r
A /\ezzBooI a(r’ “hi”)b < €
A Neualr, “hi”) = e
z = [y EXCEPT Lh = ¢] — A isAFcn(x)
A DOMAIN z = DOMAIN ¥y
A “h” € DOMAIN y = a(z, “h”) =e
A Yk € DOMAIN y \ {“h”}: a(z, k) = a(y, k)
R = [h,z : SZ]Zl’n —Vr: re R&
A isAFen(r)
A DOMAIN 7 = {“hy”,..., “h,"}
A “hy” € DOMAIN r A ... A “h,” € DOMAIN r
Aa(r,“hy”) € S A--- Aa(r, “hy”) € S,



